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It is demonstrated that a reasonably general modet for single-file passage of solvent through an uitra-narrow pore
implies the equality of tracer diffusion and osmotic flow. This result is not teivial, but follows from the exactly com-
pensating effects of solvent—solvent interaction on the pastitioning of bulk solvent into the pore and on the diffusion

-rate within the pore. A previous calculation of Longuet-Higgins and Austin is seen to be valid anly ia the absence of

interactions among solvent molecules in the pore.

1. Introduction

The concept of single-file transport through a mem-
brane was first introduced by Hodgkin and Keynes [1]
in connection with their ionic transport data for the
glant squid axon. The idea is that transport accurs
through a pore so narrow as to be able to accommo-
date only one molecule in its width. Sometimes {2},
the model is specialized to the case for which the
pore is completely filled along its length by the trans-
ported molecules, sometimes {3] to that for which
the pore contains only one molecule at any instant;
such definite specification of the linear density will
niot be necessary in this article, which treass the rela-
tion between the transport of 2 tracer solvent species
induced by a difference in tracer concentration on
either side of the membrane (tracer solvent diffusion)
and the solvent transport induced by a difference in
cancentration of a solute species too large to enter
the pore (osmotic flow).

Indeed, one may define three coefficients of sol-
vent flow, corresponding to three distinct experimen-
tai sttuations:

Fge = =K (c3a — c2)  (tracer flow), (1)
ig =K (2~ %) (osmotic flow), )
Ig =-KpE—F,) (pressure flow). 3

The measurement desciibed by eq. (1) is tracer diffu-

sion. The only species present in addition to solvent
species S is a tracer species S* of the solvent. The
membrane separates two compartments A and B, the
respertive tracer concentrations are ¢ and cB,, and,
by souvention, the tracer flux jge is positive if it is
directed from compartment A to compartment B.
Eq. (2) describes asmotic flaw of solvent. Compart-
ments A and B are filled with solutions of a solute s
which is impermeable to the membrane. The pressures
in compartments A and B are equal. The solvent flux
Jg Is directed into the compartment of larger solute
concentration ¢, and, again, by convention, is posi-
tive in sign if €8 > c®. In the situation specified by
eq. (3), only solvent is present and its flux jg through
the membsane is driven by unequal pressures in the
two compartments. The sign convention for the flux
is identical to the preceding two cases, since the flux
is directed into the compartment with the lower pies-
sure.

The coefficients K and Kp are directly related by
a priori phenomenological considerations independent
of the nature of the membrane {4,5]). Both eqs. (2)
and (3) are, in fact, included in a general relation of
linear irreversible thermodynamics

is=~L Aug = —L(u8 — ), €]

where g is the chemical potential per mele of the
solvent and L is a positive phenomenological coeffi-
cient. For ideal dilute solutions with solute g, then,
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with vg the molar volume of pure sclvent,

jg = —Lv3(AP—RTAc), ©))
whereupon comparison with egs. (2) and (3) yields
K, =RTK,. (6)

IMore important than the quantitative relation ex-
pressed by eq. (6) is the implication of eq. (4) that
osmotic flow and pressure-driven flow are mechanis-
tically equivalent, Contrary to common belief among
physical chemists, for example, osmotic flow is, in
general, not a diffusion process [6—8].

There is no similar relation between K* and X
(or Kp). It has been experimentally determined [4]
that K| is orders of magnitude greater than K™ for
membranes with high solvent content, a result con-
sistent with the expectation that, for such membranes,
pressure-driven flow will be highly cooperative (the
idealized model being Poisseuille laminar flow). Even
for membranes with quite narrow pores [2], K may
be four or five times greater than K, although for
membranes with no pores at all [9]}, into which water
must dissolve in order to traverse the barrier, K| is,
as expected for this case, equal to K*.

No definitive measurements have been done for
transport across ultra-narrow, single-file, pores, for
the simple reason that for no system has it been dem-
onstrated that such pores exist. A theoretical relation
between K and K* for the model of single-file trans-
port is therefore of interest for the purpose of inter-
preting data on transport across pores of molecular
dimension which conceivably could be sufficiently
narrow to allow only single-file passage [10}. For
example, Dick [2] has presented a formula which
predicts that K is greater than K* for single-file trans-
port when the pore is filled with solvent along its en-
tire length. The relation contains as a parameter the
total number of pore sites for solvent molecules, and
by comparison with measured values of K /JK* Dick
calculates this number for a variety of cell membranes.
The formula for K /K * given by Dick is, however, in-
correct, being based on an erroneous mechanism for
osmotic flow [11].

The problem has also been treated by Longuet-
Higgins and Austin [5], whose conclusion implies
that K, = K*. Howevzr, as will be seen below, their
argument is valid only for the special case of negligible
interactions among solvent molecules inside the pore.

The relation between K and K* for single-file
transport appears, therefore, to be an unresolved
problem, both experimentally and theoretically. kit
must be stated immediately that there can exist no
relation between K and K* of the same generality
as the equivalence expressed by eq. (6) between K¢
and Kp. The latter depends only on the first and sec-
ond laws of thermodynamics, the applicability of
these laws within the domain of linear irreversible
thermodynamics, and the dilute-solution form of the
solvent chemical potential, which, although non-
thermodynamic in origin, is 2 consequence of the
most general foundations of statistical mechanics
[12,13]. It is proposed in this paper to prove that
a consistent and plausible made?! of single-file trans-
port has as consequence the relation K = K.

2. Specification of the medel

The solvent in the pore will be regarded as consti-
tuting 2 macroscopic one-dimensional phase. If com-
partments A and B contain pure solvent st the same
pressure £y, the linear concentration of solvent in the
pore will be uniform (if end effects are neglected) and
will be designated by pg. That is, if the pore is of
length [ and contains , solvent molecules,

by =N,IL 9

Corresponding to the three experimental flow condi-
tions described by the macroscopic eqs. (1}—(3), we
adopt the following microscopic flow equations:

jge =—K* (o} —p%)  (tracer flow), 3)
is = —k_(pg — pA) (osmotic flow), ®
js =—kplog—p,) (pressure flow). (10)

These equations are motivated by the consideration
that only a ““diffusion” mechanism can operate in the
pore interior. The flow in each case is therefore driven
by a solvent, or tracer solvent, concentration gradient;
the linear solvent concentration pg at the interface
with compartment B must be different from its value
£, at the interface with compariment A. [t is obvious
that

k, =Ky, (11)

since the response to identical linear concentration
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differences pg ~ p, must be identical, regardless of
the physical reason for the existence of this difference
(i.e., whether induced by 4 pressuse difference be-
tween the two compartments or a difference in im-
permeable solute concentrations). Eq. (11) will also
be obtained below by an independent argument, It
will also be seen that & (the tracer diffusion coeffi-
cient in che pore divided by pore length) is different
from & and &p; nonetheless, K™ in eq. (1) turps out
to be equal to K, a result which is both non-trivial
and surprising for the general case in which soivent—
solvent interactions inside the pore are taken fully
into account.

A centryl position is held by the linear solvent
chemical potential Ag in the interior of the pore:

A [T, p()] =Xg(T) + RT In o) + AT (T2 ()] (12)

Pressure is not a meaningful variable in the interior
of an uitra-narrow pore, s0 Ag is considered as a func-
tion of the temperature 7" of the entire isothermal
system and of p(x), the linear solvent concentration
at position x in the pore. If the pressure is £y in both
compartments A and B, and if these compartments
contain pure solvent, then p(x) = pg and Ag is uni-
form throughout the pore. The texm RS accounts for
the translational degrees of freedom of a single sol-
vent molecule in the pore and for the interactions of
the solvent molecule with the constituent molecules
of the pore. The term KT In p is the usual concentra-
tion term appearing in the “ideal dilute” form of a
solute chemical potential. The sum of the first two
terms is in fact the dilute-solution form of a solute
chemical potential, the solvent molecules in the pore
playing the role of “solute’, while the “solvent™ is
the pore material. The final term )\gx, crucial for a
proper understanding of the derivation to follow, is
the “excess’ part of the chemical patantial; it accounts
for the effect of interactions among solvent particles
in the pore. The reader may wish to think of this term
as equal to RT times the natural logarithm of an ac-
tivity coefficient, but regardless of the notation em-
ployed, the important point is that Rg* represents the
effect of solvent—solvent forces in the pore. More-
over, if p is appreciable, AZ" may be large compared
to RT, and, in any event, should not be regarded as

a small activity coefficient correction. Incidentally,
the interaction forces are averages and are strongly
influenced by the close proximity of the pore material;

they cannot be assumed similar to solvent interactions
in bulk solvent.

3. Tracer diffusion

For this experdment, the total linear concentration,
solvent plus tracer solvent, is equal to py at all points
in the pore. We have

®_ .0 A
o a T 8Vg Cgss
that is, the ratio of tracer solvent to total solvent

must be the same at each side of a pore—compartment
interface. Substitution into eq. (8) yields,

Fge = ~&y02 (e ~ ). (13)

Comparison with eq. (1) provides the connection be-
tween the phenomenological coefficient K* and the
“microscopic”’ quantities k* and £yt

K* =g k™. (19

® _ B
pB "p‘)”g csx,

4. Pressure flow

To transform eq. (10) into the form of eq. (3) re-
quires calculation of the relation between pg ~ gy
and Py — P, . To this end, assume local equilibrium
at the pore—compartment interfaces,

Ay = ug(P). (1s)

This equation states that the chemical potential of
the linear pore solvent at the interface equals the
chemical potential of pure bulk solvent and provides
an implicit relation between p and P. Taking differ-
entials of both sides and integrating, we get

“a
§ Wagrdo)do = vl ~ 7). (i6)
2
With use of eq. (12),
LN
RTInGyfog) + | (@ASHd)do = o2y ). (1T)
7

Eq. (17) shows that p is not generally refated to £in
a linear manner; however, if P, —~ Fy 15 sufficiently
small, the left side may be linearized in py —pgg,
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(RT/PQ) (PA - Po) + (dlgx/dpo) (PA - Po)

=03, - P) (18)
or
Pa—Pp = W3 8/RTI[1 + A IRT)/dln py] 1 (By —By).
(19)

An analogous relation may be written at the inter-
face with compartment B, so that

Pp—Py = (¥gAyIRT)

X [1+dQAZ/RT)/dInpy] ! (By— B, ). 20)
Substitution of eq. (20) into eq. (10) and comparison
with eq. (3) shows

Kp = (kpvdpo[RT) (1 +dQF/RTdInp1 1. (21)

Thus the relation between K and &p is not simple,
depending strongly on solvent—solvent interaction in
the pore.

There is, however, a relation between X p and &*
which greatly simplifies eq. (21). The flux jg caused
by a gradient dp/dx, whe-e x is position in the pore,
may be written as the superposition of two terms,

ig = —D*(dpldx) — (pF*) (AAF /dx). (22)

The first term is due to the purely random motion of
the solvent in the pore, and D¥ is the self-diffusion
constant in the pore. The second term describes the
drift velocity of a pore solvent molecule directed by
the net force —(dA®*/dx) which does not average to
zero because there are more solvent molecules on one
side of any given solvent molecule than on the other.
This force is absent in a tracer diffusion experiment
because the environment about a solvent molecule in
the interior of the pore is then symmetric. The con-
tribution to the flux is obtained by multiplying the
force by the concentration p and dividing by the fric-
tion coefficient ¢*. Using the Einstein relation D*¢*
= RT, noting that dA*/dx = (dA§*/dn) (dp/dx), and
integrating along the length / of the pore, we may re-
duce =q. (22) to the form,

ig=—1"ID*[1 +dQF/RT)/dInpy] (pg — py)- (23)
Since &* =D*1~1, eq. (23) implies that

kp =k*[1+dQAF/RT)/dIn gy, 24)
a formula exactly analogous to the well-known general

relation between the tracer diffusion coefficient of a
solute in bulk solution and the binary diffusion con-
stant (i.e. that which governs solute diffusion in a
macroscopic solute gradient) when account is taken
of solute—solute interaction by means of an activity
coefficient correction [14}]. In this case, however,
since the solvent molecules in the pore may be close-
Iy packed, the ““aciivity coefficient correction”, that
is, the second term of the bracketed factor in eq. (24),
is possibly very large.

With eq. (24), eq. (21) becomes

Kp =130 k*IRT, 5)
or, with eq. (14},
K, =K*[RT. (26)

Eq. (26) is the central result of this paper. Together
with eq. (6) it also affirms that

3
K. =K",
the equality of the osmotic permeability and the
tracer diffusion permeability for single-file solvent
transport, Although the result may be said to be triv-
ially obvious in the absence of interactions among
solvent molecules in the pore (consider the limiting
case of a pore whose molecular aature is such that p
is very small), in the presence of such interactions
(large p), it is quite surprising. Indeed, it then is a con-
sequence of the exact compensation of two opposing
effects of the interaction: if the interaction is such
as to decrease the equilibrium partitioning of solvent
into the pore, as described by eq. (19), it nevertheless
increases the diffusion rate within the pore, as de-
scribed by eq. (24).

N

5. Osmotic flow

In this section we rederive eq. (27) by direct con-
sideration of an osmotic flow experiment. The pres-
sures in compartments A and B are both equal to 7,
but there is a concentration difference c‘? - c: of
impermeable solute. At a pore—compartment inter-
face,
ps =Ag 28)

or
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12— RTvdc =X, +RTInp +A5(0), 29)

where the ideal dilute-solution form of the bulk sol-
vent chemical potential ug has been used (i.e. osmotic
caefficient equals unity). But

3 =Xs +RTInpy + 7T (,), (30)

that is, the chemical potentials are equal in the ab-
sence of solute also. Combination of egs. (29) and
(30) yields

RTIn(p[pg) + NF(p) ~AT(py)} = —RTudc..  (31)
Linearizing,

(RT/pg)(p—pg) + (@G fdpg) (0 —py) = RT3, (32)

or
p—py = —Vgpy [1 +dQAGRDfdInp} He,.  (33)

This relation holds both when p = g,, ¢, = cf and
when p = pg,c = csB. Hence,

P — By =020, [1 +dATIRT)(dInpy] 2 (c2 - cB).
G4

Substitution into eq. (9) and comparison witheq. (2)
gives

K, = k030, [1+d(AS RT)/dIn ] . (35)

Egs. (6), (21), and (35) imply that &_ = kp, an inde-
pendent verification of a result already stated in ~q.
(11). Hence, eq. (24) remains valid if kp is replaced
by K, and its substitution into eq. (35) yields the
desired result,

K =k%0py =K%, (36)

where reference is made to eq. (14).

6. Comparison with calculations of Dick and of
Longuet-Higgins and Austin

We have concluded here that, in spite of interac-
tions among solvent molecules in the pore, the os-
motic permeability equals the tracer diffusion per-
meability. As mentioned in the introduction, Dick’s
result [2] is that the former is greater than the latter.
Although his calculation fails because it is not rooted
in sound kinetic theory and hence is internally in-
consistent, it does have the virtue of emphasizing

that the presence of solvent—solvent interactions (in
Dick’s model, these are pure repulsions among “bil-
liard balls™), means that separate calculations must
be given for each of the two experimental situations
and that the result of the calculations is not obvious
in advance.

The calculation of Longuet-Higgins and Austin [5],
on the other hand, yields the same result obtained
in this paper, Ky = K*. Although their argument pro-
ceeds from the auto-correlation formalism of irevers-
ible statistical mechanics and thereforc gives the im-
pression of great generality, close inspection of their
paper indicates that it oversimplifies the fluctuating
solvent flux at equilibrium and neglects entirely the
effect of solvent—solvent interaction inside the pore.
The flux is incompletely described because a solvent
molecule, initially inside the pore, and which pro-
ceeds to the end of the pore, is counted as having
traversed the pore—compartment interface, i.e.,
passed from the pore into the solution; the boundary
process, the partitioning effect, is neglected. Further,
their eq. (43), expressing the lack of correlation be-
tween velocities of any two different solvent mole-
cules in the pore, is an unambiguous statement of
the neglect of solvent—solvent interactions within
the pore. The effect of these omissions, translated
into the notation employed here, is to conclude in-
correctly that k= k™ [see egs. (11) and (24)] , and
also to conclude, equally incorrectly, that K =
ug Aok, [see eq. (35)}, whence the correct result,
K, =K?¥, is obtained, but only due to cancellation
of errors, from eq. (14).
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